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Solve four from the following five exercises. We will grade only four of
them, so you need to decide which four solutions to submit. Write a solution
of each exercise on a separate page. After you finish, you will need to take
pictures of your work and sent it to the examiners according to the separate
instructions.
In what follows the symbol cl(A) stands for the closure of A. Any subset
of R is considered with the standard topology, unless stated otherwise.
Ex. 1. For n ∈ N = {1, 2, 3, . . .} let Xn = {0, 1, . . . , n− 1}.
(a) Show that for any n ≥ 2 any Hausdorff topology on Xn is discrete.
(b) Show that for any n ≥ 2 there exists a topology Tn on Xn that is neither
trivial (i.e., equal to {∅, Xn}) nor discrete. Explain why your family Tn
is indeed a topology.
Ex. 2. Let 〈X, d〉 be a metric space. For nonempty sets A,B ⊂ X define
d(A,B) = inf{d(a, b): a ∈ A & b ∈ B}.
(a) Show that d(cl(A), cl(B)) = d(A,B) for every nonempty A,B ⊂ X.
(b) Give an example of a metric space 〈X, d〉 and nonempty closed disjoint
A,B ⊂ X with d(A,B) = 0.
(c) Prove that an example as in the part (b) does not exist when we require
〈X, d〉 to be also compact.
Ex. 3. Let 〈An:n = 1, 2, 3, . . .〉 be a sequence of nonempty subsets of a
topological space X such that An ∪ An+1 is connected for every n.
(a) Show that A :=
⋃∞
n=1An is a connected subset of X.
(b) Give an example of a metric space X and a sequence 〈An:n = 1, 2, 3, . . .〉
such that
⋃∞
n=1An is connected, but some of the sets An are discon-
nected.





with the product topology. Let x0 = (0, 0, 0, . . .) ∈ X. For each finite A ⊂ N
choose an element xA of X such that the n-th coordinate of xA is 0 for every
n ∈ A. Let Y = {xA:A ⊂ N & A is finite}. Prove that x0 ∈ cl(Y ).
Ex. 5. Let E be the family of all subsets of R that are unbounded from
above and from below.
(a) Show that if E ∈ E , then BE := {[a, b): a < b and a, b ∈ E} is a basis
for a topology on R, where [a, b) = {c ∈ R: a ≤ c < b}. (Thus [a, b) = ∅
when a ≥ b.)
(b) For E ∈ E let TE be the topology on R generated by the basis BE.
Prove that for every D,E ∈ E if D ( E, then TD ( TE.
